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Age- and stage-structured population
models
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© MATRIX MODELS

© REPRODUCTIVE VALUE

@ STAGE-STRUCTURED MODELS

MOTIVATION MATRIX MODELS VS LIFE TABLES
Matrix models Life tables
Birth and death rates usually depend on age. e Age is discrete e Age is continuous
® Age class is denoted by ¢ ® Actual age is denoted by =
Growth rates will differ between populations with ® Each age class can have its ® Each age can have its own
) own vital rates vital rates
different age structures.
Age class fi}
Some age classes contribute more to population 1 2 3 4
‘_F___ﬁ__w____ﬁ____“f__ﬁ___"‘f__ﬁ___ﬁ‘
growth than others. ; ; ; ; —
0 1 2 3 4
Age /x)/

This has important management implications.
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AGE-CLASS ABUNDANCE AND AGE DISTRIBUTION AGE DISTRIBUTION

Initial age distribution

® n,, is abundance of age class 7 in year ¢

® Suppose initial abundance in the 3 age classes is:
> ny1 =50 (Age class 1, juveniles) @ 3 -
> ny = 40 (Age class 2, subadults) G
» nz0 = 10 (Age class 3, adults) %’ .
® This implies an initial age distribution of: >
> C1,0 = nlvo/N() = 0.5 é S
> o0 = noo/No = 0.4 5
> 30 = ns,o/No =0.1 8 |
o o
An age distribution describes the proportion of
individuals in each age class S -

Juveniles Subadults Adults
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AGE DISTRIBUTION THREE AGE CLASS EXAMPLE

We need a model for n;;1, abundance of each age class in
next time step

Declining populations have relatively more old individuals

than growing populations )
® Depends on age class survival rates s;

Rapid growth Slow growth Zero growthidecrease ® And age class birth rates b;
enya ni es aly
Male  Female Age Male _Female  Vearofbirth Male __ Female ® Fecundity is often defined as the product of birth rate and
80+ Before 1915
75-79 1915-1919 offspring survival, f; = b; X s
70-74 1920-1924
65-69 1925-1929
60-64 1930-1934
55-59 1935-1939
50-54 1940-1944 f3
45-49 1945-1949
40-44 1950-1954
35-39 1955-1959
30-34 1960-1964
25-29 1965-1969
20-24 19701974 f2
[ | 15-19 1975-1979
\ | 10-14 1980-1984
[ | 5-9 1985-1989
‘ L1 ] [ | 0-a | | L j 1990-1994 | ] [ |
8 6 4 2 0 2 4 6 8 6 4 2 0 2 4 6 6 4 2 0 2 4 6 S2
Percent of population Percent of population Percent of population
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How DOES THIS POPULATION GROW? EXAMPLE

. Let’s choose values of s; and f;
Age class Equation

Age class Initial population size  Survival probability ~Fecundity rate

1 nl,t-f—l - nl,t X fl + n?,t X f2 + n?),t X f3 5,0 S; fl
2 n e XS i 50 05 0.0

2,t+1 Le 7~ =2l 2 40 0.6 0.8
3 N3 i+1 = Nays X Sy 3 10 0.0 1.7
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POPULATION SIZE, n,; GROWTH RATES, N 41/Mit = Aiy
3 -
—— Ageclass 1 —— Ageclass 1
Age class 2 Age class 2
° Age class 3 « Ageclass 3
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AGE DISTRIBUTION, ¢;; IMPORTANT THINGS TO NOTE

o |

- —— Ageclass 1 Age distribution converges to a stable age distribution when
Age class 2 . .
Age class 3 survival and fecundity rates are constant.

[ee)

@

Stable age distribution is the proportion of individuals in each
age class when the population converges.

Growth rates of each age class differ at first, but converge
once the stable age distribution is reached.

0.4
|

Proportion in age class
06
|
1

0.2

......................

i _— Asymptotic growth rate is A (without subscript).

Growth rate at the stable age distribution is the same for all

0.0
|

‘ ‘ ‘ ‘ ‘ ‘ ‘ age classes, and it is geometric!
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MATRIX MODELS WHAT IS A MATRIX?

Definition: A matrix is a rectangular array of numbers

) , N " ® Usually denoted by an uppercase, bold letter
Matrix models aren’t actually “new” models. .
® FEither square or rounded brackets are used

® Usually, rows are indexed by ¢, columns by j

They are the same old models we have been talking

about. Example of a 3 x 4 matrix:
But, they make it much easier to compute a1 G192 @13 G14
important quantities like A and reproductive value. A= |ay az9 G923 asy

a31 AaAsz2 33 a34
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LESLIE MATRIX How DO WE USE A LESLIE MATRIX?

What is it?

, These two expressions are equivalent:
® Square matrix

e Fertilities on first row Age class Equation

® Survival probs on lower off-diagonal 1 Nygp1 =N1g X f1+Noy X fo+nsy X f3
2 Not+1 = N1t X 81
3 N3i+1 = Nay X Sy
Example:
AND
fi f2 fs Ja
A=10 w0 o
2 n,,=Axn
0 0 s 0 t+1 t
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MATRIX MULTIPLICATION MATRIX MULTIPLICATION AND LESLIE MATRIX

[ aw + br + cy + dz ] a b c d w 10441 fi o f3 f4] (114 ]
ew + fx + gy + hz _|¢ f g h w | F naerr| _ st 0 0 0 |2t
iw+ jo+ky+ 1z i J ko Yy n3 41 0 s 0 0 N3t

|'mw + nx + oy + pz | m n o p]| | 2| ey [0 0 s3 0] e
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REPRODUCTIVE VALUE REPRODUCTIVE VALUE FOR PREVIOUS EXAMPLE

Definition: The extent to which an individual in age class ¢

o
N
will contribute to the ancestry of future generations.
I /-1
V; = E H Sh fj)\z_J_l % 3
j=t h=1 o
=
©
=]
S 24
Fact: A post-reproductive individual will have a reproductive s
()
value of zero 7
@
<
g w0 |
i o
Question: Will a first-year individual have a higher or lower
reproductive value than a second-year individual?
=
o

Age class 1 Age class 2 Age class 3
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REPRODUCTIVE VALUE OTHER IMPORTANT QUANTITIES

Sir Ronald Aylmer Fisher was central to the development of the
idea of reproductive value.

Net reproductive rate
The expected number of individuals produced by an individual over

its lifetime
I i—1
Ro=3 51T
i=1 j=1

Generation time
The time required for a population to increase by a factor of Ry

log(Ryp)

~ log(A)
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OTHER PROPERTIES OF THE LESLIE MATRIX! STAGE-STRUCTURED POPULATION MODELS

® Age isn't always the best way to think about population
structure

® For some populations, it is much more useful to think about
size structure or even spatial structure.

® These “stage-structured” models differ from age-structured
models in that individuals can remain in a stage class (with

The dominant eigenvalue of A is the growth rate .

distribution. fs
The left eigenvector is Fisher’s reproductive ﬂ
value.

(1 —p2)s2

'This is for graduate students only
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STAGE-STRUCTURED POPULATION MODELS SUMMARY
In stage—structured mOdels, individuals transition from one Vital rates (5 and f) are usua”y age_speciﬁc_

stage to the next with probability p;.

Population growth will depend on age distribution.
We can add these transition probabilities to our projection

matrix like this: _ _ )
If vital rates are constant, population will reach stable age

distribution with constant growth rate .

Reproductive value indicates which age class contributes the most

fi f2 fs fa to population growth.

A — 51 sp(1 — P2) 0 0
0 S2p2 s3(1—p3) O _ . -
0 0 S3Ds 54 Matrix models are a convenient method used to work with

age-structured populations.
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